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INVARIANCE OF CERTAIN PLURIGENERA FOR
SURFACES IN MIXED CHARACTERISTICS
ANDREW EGBERT AND CHRISTOPHER D. HACON
Abstract. We prove the deformation invariance of Kodaira di-
mension and of certain plurigenera for log surfaces which are smooth
over a DVR.
1. Introduction
If f : X → T is a smooth projective morphism of complex quasi-
projective varieties, then by a celebrated theorem of Siu ([Siu98], [Siu02]),
it is known that the plurigenera of the fibers Pm(Xt) := h
0(mKXt) are
independent of the point t ∈ T . This result (and its generalizations
to log pairs) is a fundamental fact of great importance in higher di-
mensional birational geometry. It plays a fundamental role in the con-
struction of moduli spaces of varieties of log general type. Unluckily,
this result does not generalize even to families of surfaces over a curve
(or a discrete valuation ring DVR). In [La83], it is shown that P1 is
not deformation invariant for Enriques surfaces in characteristic 2. In
[KU85], it is shown that in fact the deformation invariance of pluri-
genera does not hold for certain elliptic surfaces and in [Suh08], there
are examples of smooth families of surfaces of general type over any
DVR for which P1 is non constant (and in fact its value can jump by
an arbitrarily big amount). On the positive side, in [KU85] it is shown
that if X → Spec(R) is a smooth family of surfaces over a DVR in
positive or mixed characteristic, then one can run the minimal model
program for X (over R). As a consequence of this, it is observed that
κ(XK) = κ(Xk) where k is the residue field andK is the fraction field of
R. It should be noted that the minimal model program is established
for semistable families of surfaces in positive or mixed characteristic
(see [Kaw94]), for log canonical surfaces over excellent base schemes
(see [Tan16]) and for 3 folds over a field k of characteristic p ≥ 7 (see
[HX13] and [Bir15]). In this paper (Theorem 3.1 and Corollary 3.5), we
The second author was supported by NSF research grants no: DMS-1300750,
DMS-1265285 and by a grant from the Simons Foundation; Award Number: 256202.
1
generalize the result of Katsura and Ueno to log surfaces (smooth over
a DVR) and we show the deformation invariance of certain plurigenera.
Theorem 1.1. Let (X,B) be a klt pair which is log smooth, projective
of dimension 2 over a DVR R with perfect residue field k of character-
istic p > 0, then κ(KXk + Bk) = κ(KXK + BK) and we may run the
minimal model program with scaling of an ample divisor H. Moreover,
if either κ(KXk + Bk) 6= 1 or κ(KXk + Bk) = 1 and Bk is big over
ProjR(KXk + Bk), then there exists an integer m0 > 0 such that for
any positive integer m ∈ m0N we have
h0(m(KXK +BK)) = h
0(m(KXk +Bk)).
The strategy is to reduce the proof of the above theorem to the case
when (Xk, Bk) is terminal and B(KXk+Bk) contains no components of
the support of Bk. In this case we observe that the steps of a KXk +Bk
mmp are also steps of a KXk mmp and we are thus able to deduce the
result from [KU85].
Remark 1.2. Many results and techniques in this paper were developed
in the first author’s Ph.D.’s thesis [Egb16].
2. Preliminaries
Let X be a normal projective variety, WDiv(X) the group of Weil
divisors. If B =
∑
biBi ∈WDivQ(X) is a Q-divisor on X , then ⌊B⌋ =∑
⌊bi⌋Bi where ⌊bi⌋ = max{n ∈ Z|n ≤ bi}. We denote {B} = B−⌊B⌋
and |B| = |⌊B⌋|+ {B} where
|⌊B⌋| = {D ∈WDiv(X)|D ≥ 0, D − ⌊B⌋ = (f), f ∈ K(X)}.
The stable base locus of B is B(D) = ∩m∈NBs(mD). If D1, . . . , Dr
are Q-divisors on a normal projective variety X , then
R(D1, . . . , Dr) :=
⊕
m1,...,mr∈N
H0(OX(
r∑
i=1
miDi)).
Let (X,B) be a pair so that X is normal, 0 ≤ B is a Q-divisor and
KX +B is Q-Cartier. If ν : X
′ → X is a proper birational morphism,
then we write KX′ +BX′ = ν
∗(KX+B). We say that (X,B) is Kawa-
mata log terminal or klt (res. terminal) if for any log resolution
⌊BX′⌋ ≤ 0 (resp. ⌊BX′⌋ ≤ E where E denotes the reduced exceptional
divisor). We let MB be the b-divisor defined by the sum of the strict
transform of B and the exceptional divisors (over X). We refer the
reader to [KM98] and [BCHM10] for the standard definitions of the
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minimal model program including extremal rays, flipping and diviso-
rial contractions, running a minimal model program with scaling, log
terminal and weak log canonical models.
Theorem 2.1. Let (X,B) a 2-dimensional projective klt pair over an
algebraically closed field k. Then
NE(X) = NE(X)KX+B≥0 +
∑
i∈I
R≥0Ci
where I is countable, (KX+B)·Ci < 0, Ci is rational and C
2
i < 0. If H
is an ample Q-divisor on X, then the set {i ∈ I|(KX+B+H) ·Ci ≤ 0}
is finite.
Proof. See [Tan14, 3.13, 3.15]. 
Lemma 2.2. Let X be a surface over an algebraically closed field k and
(X,B) a projective klt pair. If R is a KX+B negative extremal ray, then
there exists a proper morphism f : X → X ′ such that f∗OX = OX′, f
contracts a curve C ⊂ X if and only if [C] = R.
Proof. See [Tan14, 3.21]. 
Theorem 2.3. Let X be a projective surface over a perfect field k.
Assume that (X,B) is klt and H is an ample Q-divisor on X. Then
(1) the ring R(KX +B,KX +B +H) is finitely generated, and
(2) if KX+B is pseudo-effective, then there exists a birational mor-
phism ν : X → X ′ and a constant ǫ > 0 such that ν is a
KX +B + tH minimal model for any 0 ≤ t ≤ ǫ.
Proof. By [Tan14], the KX + B mmp with scaling of H terminates.
Therefore there is a sequence of rational numbers t0 ≤ t1 ≤ . . . ≤ tn and
morphisms fi : X → Xi (induced by successive divisorial contractions)
such that
(1) if t0 > 0, then κ(KX +B + tH) < 0 for any 0 ≤ t < t0,
(2) R(KX +B + t0H,KX +B + tiH) ∼= R(KXi +Bi + t0Hi, KXi +
Bi + tiHi) where Bi = fi,∗B and Hi = fi,∗H ,
(3) KXi +Bi+ ti−1Hi and KXi +Bi+ tiHi are both nef (and hence
semiample).
It then follows easily that
R := ⊕ni=1R(KXi +Bi + ti−1Hi, KXi +Bi + tiHi)
is finitely generated (cf. [HX15, 2.7]). Since R surjects on to R(KX +
B,KX +B +H), this ring is also finitely generated.
Finally, if KX +B is pseudo-effective, then t0 = 0, KX1 +B1+ tH1 is
nef for 0 ≤ t ≤ t1 and X → X1 is given by a sequence of KX +B + tH
divisorial contractions for any 0 ≤ t < t1. 
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Proposition 2.4. Let X be a projective surface over an algebraically
closed field k. Assume that (X,B) is a klt pair and ν : X ′ → X
is a proper birational morphism such that (X ′, B′) is terminal where
KX′ + B
′ = ν∗(KX + B). Let Θ = B
′ − B′ ∧ Nσ(KX′ + B
′) and
φ′ : X ′ → X ′M the minimal model for (X
′,Θ). If φ : X → XM is the
minimal model for (X,B), then the rational map µ : X ′M → XM is a
morphism and KX′
M
+ φ′∗Θ = µ
∗(KXM + φ∗B). If κ(KX +B) = 1 and
B is big over ProjR(KX +B), then Θ is big over ProjR(KX′ +Θ).
Proof. Consider the morphism ψ : X ′ → XM . Since KX + B =
φ∗(KXM + φ∗B) + E, then KX′ + B
′ = ψ∗(KXM + φ∗B) + ν
∗E where
KXM + φ∗B is nef and ν
∗E is effective and ψ exceptional. It follows
that Nσ(KX′ + B
′) = ν∗E and so KX′ + Θ = ψ
∗(KXM + φ∗B) + E
′
where 0 ≤ E ′ ≤ ν∗E. In particular the divisors contracted by φ′ are
precisely the divisors contained in Supp(E ′) and so X ′ → XM fac-
tors through φ′. We have KX′
M
+ φ′∗Θ = µ
∗(KXM +φ∗B) +φ
′
∗E
′ where
µ∗(φ
′
∗E
′) ≤ φ∗E = 0 and hence φ
′
∗E is µ exceptional. By the negativity
lemma, it follows that φ′∗E
′ = 0.
Note that since H0(m(KX +B)) ∼= H
0(m(KX′ +Θ)) for all m ≥ 0,
it follows that Z := ProjR(KX + B) = ProjR(KX′ + Θ). The bigness
of B over Z is equivalent to B ·Xz > 0 for general z ∈ Z. But then
Θ ·X ′z = µ∗φ
′
∗Θ · (X
′
M)z = φ∗B · (X
′
M)z = B ·Xz > 0
and so Θ is big over Z. 
In what follows R will denote a DVR with residue field k and fraction
field K. If f : X → Spec(R) is a morphism, then we let XK =
X ×Spec(R) Spec(K) be the generic fiber and Xk = X ×Spec(R) Spec(k)
be the special fiber. We say that a pair (X,B) is log smooth over R if
X and each strata of the support of B are smooth over Spec(R).
Lemma 2.5. Let f : X → Spec(R) be a smooth projective morphism
from a normal variety to a DVR and L a line bundle on X, then L is
ample (resp. nef) if and only if so is Lk := L|Xk .
Proof. Clearly, if L is ample or nef, then so is Lk. It is well known
that ampleness is an open condition and so if Lk is ample then so is
L. Finally if Lk is nef and H is ample, then Lk + tHk is ample for any
t > 0, so that L+ tH is ample and hence L is nef. 
Lemma 2.6. Let (X,B) be a log pair which is log smooth over Spec(R)
where R is a DVR. If R ⊂ R˜ is an inclusion of DVR’s, then (XR˜, BR˜)
is log smooth over Spec(R˜). If (X,B) is terminal (resp. klt), then so
is (XR˜, BR˜).
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Proof. Since smoothness is preserved by base change, it follows that
(XR˜, BR˜) is log smooth over Spec(R˜). The pair (X,B) is klt (resp.
terminal) if and only if the coefficients of B are < 1 (resp. the coeffi-
cients of B are < 1 and if two components intersect, then the sum of
the coefficients is < 1). Since there is a one to one correspondence of
components of B with components of Bk, the lemma follows. 
Theorem 2.7. [Katsura-Ueno [KU85]] Let f : X → Spec(R) be an
algebraic space which is proper, separated of finite type and two dimen-
sional over Spec(R) where R is a DVR with algebraically closed residue
field k and field of fractions K. If Xk contains an exceptional curve
of the first kind e ⊂ Xk then there exists a DVR R˜ ⊃ R with residue
field k and a surjective proper morphism π : X × Spec(R˜) → Y˜ over
Spec(R˜) where Y˜ → Spec(R˜) is proper, separated of finite type and two
dimensional, πk contracts the exeptional curve of the first kind e ⊂ Xk
and πK : XK˜ → Y˜K˜ is also a contraction of an exeptional curve of the
first kind.
3. Main result
Theorem 3.1. Let (X,B) be a klt pair which is log smooth, projective
of dimension 2 over a DVR R with perfect residue field k of charac-
teristic p > 0 and perfect fraction field K. If KX + B is Q-Cartier
then κ(KXk + Bk) = κ(KXK + BK) and if either κ(KXk + Bk) 6= 1 or
κ(KXk+Bk) = 1 and Bk is big over ProjR(KXk+Bk), then there exists
an integer m0 such that for any positive integer m ∈ m0N we have
h0(m(KXK +BK)) = h
0(m(KXk +Bk)).
Proof. Consider an inclusion of DVR’s R ⊂ R˜. If k˜ and K˜ denote
the residue field and the fraction field of R˜, then h0(m(KXk + Bk)) =
h0(m(KX
k˜
+Bk˜)) and h
0(m(KXK +BK)) = h
0(m(KX
K˜
+BK˜)). Thus
we are free to replace X → R by a base extension X˜ = X ×R R˜→ R˜.
In particular we may assume that k is algebraically closed.
If h0(m(KXk+Bk)) = 0, then by semicontinuity h
0(m(KXK+BK)) =
0. Therefore, the theorem holds trivially in the case κ(KXk + Bk) =
−∞. Thus we may assume that κ(KXk +Bk) ≥ 0.
Claim 3.2. The theorem holds under the additional assumption that
(Xk, Bk) is terminal and no component of the support of Bk is contained
in B(KXk +Bk).
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Proof. Since k is algebraically closed, then by the Cone Theorem (The-
orem 2.1)
NE(Xk) = NE(Xk)KX
k
+Bk≥0 +
∑
i∈I
R≥0Ci
where I is countable, (KXk + Bk) · Ci < 0 and Ci is rational and not
contained in the support of Bk. Notice in fact that if Ci is contained
in the support of Bk, then since (KXk + Bk) · Ci < 0 we have Ci ⊂
B(KXk + Bk), which we have assumed is impossible. Note then that
Ci · Bk ≥ 0 and so KXk · Ci < 0 and hence if Ci spans a KXk + Bk-
negative extremal ray, then it also spans a KXk-negative extremal ray
and so it can be contracted by a divisorial contraction of an exceptional
curve of the first kind Xk → X
′
k. In particular X
′
k is also a smooth
surface. Thus we may assume that Ci is an extremal curve of the first
kind. By Theorem 2.7 (after extending R), we may assume that there
is a morphism X → X ′ of smooth surfaces over R such that XK → X
′
K
also contracts an extremal curve of the first kind.
Suppose now that ν : X → X¯ is a morphism of smooth surfaces
over Spec(R) such that XK → X¯K and Xk → X¯k are given by a finite
sequence of contractions of extremal curves of the first kind such that
the exceptional locus of Xk → X¯k contains no components of Bk. Then
(X¯k, B¯k) is terminal and KXk +Bk = ν
∗
k(KX¯k, + B¯k) + Fk where Bk =
ν−1k,∗B¯k and Bk∧Fk = 0. In particularB(KXk+Bk) = B(KX¯k+B¯k)+Fk.
Suppose that C ⊂ X¯k is contained in B(KX¯k + B¯k) ∩ Supp(B¯k), then
ν−1∗ C ⊂ B(KXk + Bk) ∩ Supp(Bk) which is impossible. Therefore, if
KX¯k + B¯k is not nef, we can continue to contract exceptional curves of
the first kind. Since each contraction reduces the Picard number of the
central fiber Xk by one, this procedure must terminate after finitely
many steps. We may therefore assume that KX¯k + B¯k is semiample. In
particular KX¯k + B¯k is nef and hence so is KX¯ + B¯ (see Lemma 2.5).
Suppose now that ν(KXk +Bk) = 2. In this case KX¯k + B¯k is nef and
big so that there exists an integer m0 > 0 such that h
i(m(KX¯k+B¯k)) =
0 for all m ∈ m0N and all i > 0 (see [Tan15, 2.6]). By semicontinuity,
we also have hi(m(KX¯K + B¯K)) = 0 for all m ∈ m0N. But then, by
flatness,
h0(m(KXK +BK)) = h
0(m(KX¯K + B¯K)) = χ(m(KX¯K + B¯K)) =
χ(m(KX¯k + B¯k)) = h
0(m(KX¯k + B¯k)) = h
0(m(KXk +Bk)).
Suppose that κ(KXk + Bk) = 0. Then we have KX¯k + B¯k ∼Q 0.
By Lemma 2.5, it follows that ±(KX¯K + B¯K) is nef and hence that
KX¯K + B¯K ≡ 0. By [Tan14, 1.2], KX¯K + B¯K ∼Q 0. Thus there exists
6
an integerm0 > 0 such thatm0(KX¯K+B¯K) ∼ 0 andm0(KX¯k+B¯k) ∼ 0.
Thus h0(m(KXK +BK)) = h
0(m(KXk +Bk)) for all m ≥ 0 divisible by
m0.
Suppose that κ(KXk+Bk) = 1. SinceKX¯k+B¯k is nef, so isKX¯K+B¯K .
In particular κ(KX¯K + B¯K) ≥ 0 and thus, by semicontinuity we have
κ(KX¯K + B¯K) ∈ {0, 1}. Let H be a sufficiently ample divisor on X¯.
Then (KX¯K + B¯K) · HK = (KX¯k + B¯k) · Hk > 0 so KX¯K + B¯K 6≡ 0.
Therefore κ(KX¯K + B¯K) = 1.
Finally, suppose that κ(KXk+Bk) = 1 andBk is big over ProjR(KXk+
Bk). Note that B¯k is also big over ProjR(KXk + Bk) and hence B¯k +
KX¯k + B¯k is big. Thus we may write B¯k+KX¯k + B¯k ∼Q A¯k+ E¯k where
A¯k is ample and E¯k is effective. For any rational number 0 < ǫ ≪ 1,
the pair (X¯k,∆k = (1 − ǫ)B¯k + ǫE¯k) is Kawamata log terminal and
so the corresponding multiplier ideal sheaf is trivial J (∆k) = OX¯k . If
L = N = m(KX¯k + B¯k), then N is nef and not numerically equivalent
to zero while L− (KX¯k +∆k) ∼Q (m−1− ǫ)(KX¯k + B¯k)+ ǫA¯k is ample
and so by [Tan15, 0.3], H i(OX¯k(m(l + 1)(KX¯k + B¯k))) = 0 for i > 0
and l ≫ 0. By semicontinuity, H i(OX¯K (m(l + 1)(KX¯K + B¯K))) = 0
for i > 0 and l ≫ 0 and hence h0(OX¯k(m(l + 1)(KX¯k + B¯k))) =
h0(OX¯K (m(l + 1)(KX¯K + B¯K))). 
We will now consider the general case. Since (X,B) is log smooth
over R, there is a sequence of blow ups along strata of MB say ν :
X ′ → X such that KX′+B
′ = ν∗(KX+B) is terminal and in particular
B′ ≥ 0 and (X ′, B′) is log smooth. Since R(KX′
k
+B′k)
∼= R(KXk +Bk)
is finitely generated, Nσ(KX′
k
+B′k) is a Q-divisor and hence so is
Θk := B
′
k − (B
′
k ∧Nσ(KX′k +B
′
k)).
Note that R(KX′
k
+ Θk) ∼= R(KX′
k
+ B′k), (X
′
k,Θk) is terminal and no
component of Θk is contained in B(KX′
k
+ Θk) [HMX14, 2.8.3] and
[HX13, 2.4]. Let Θ be the unique Q-divisor supported on B′ such
that Θ|X′
k
= Θk. We remark that if κ(KXk + Bk) = 1 and Bk is
big over ProjR(KXk + Bk), then by Proposition 2.4, Θk is big over
ProjR(KX′
k
+ Θk). By Claim 3.2, it follows that κ(KX′
K
+ ΘK) =
κ(KX′
k
+Θk) and there exists an integer m0 > 0 such that
h0(m(KX′
K
+ΘK)) = h
0(m(KX′
k
+Θk)) ∀m ∈ m0N.
By semicontinuity, we then have
h0(m(KXk +Bk)) ≥ h
0(m(KXK +BK)) ≥ h
0(m(KX′
K
+B′K)) ≥
h0(m(KX′
K
+ΘK)) = h
0(m(KX′
k
+Θk)) = h
0(m(KXk +Bk))
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and hence h0(m(KXk + Bk)) = h
0(m(KXK + BK)). The equality
κ(KXk +Bk) = κ(KXK +BK) follows similarly.

Corollary 3.3. Let (X,B) be a klt pair which is log smooth, pro-
jective of dimension 2 over a DVR R with perfect residue field k of
characteristic p > 0 and perfect fraction field K. If KX + B is Q-
Cartier, H is an ample divisor on X, and either κ(KXk +Bk) ∈ {0, 2}
or κ(KXk + Bk) = 1 and Bk is big over ProjR(KXk + Bk), then
R(KX +B,KX +B +H) is finitely generated.
Proof. By Theorem 2.3, R(KXk + Bk, KXk + Bk +Hk) is finitely gen-
erated and hence there is an sequence of rational numbers 0 = q0 <
q1 < q2 < . . . < qn = 1 and an integer m such that R(m(KXk +
Bk + qiHk), m(KXk + Bk + qi+1Hk)) is generated in degree 1 i.e. by
H0(m(KXk + Bk + qiHk)) and H
0(m(KXk + Bk + qi+1Hk)). We may
assume that each m(KX +B + qiH) is Cartier. By Theorem 3.1, after
replacing m by a multiple, we may assume that
H0(m(KX +B + qiH))→ H
0(m(KXk +Bk + qiHk))
is surjective. Therefore, the induced map
SkH0(m(KX +B + qiH))⊗ S
jH0(m(KX +B + qi+1H))→
SkH0(m(KXk +Bk + qiHk))⊗ S
jH0(m(KXk +Bk + qi+1Hk))→
H0(mk(KXk +Bk + qiHk) +mj(KXk +Bk + qi+1Hk))
is surjective. By Nakayama’s lemma,
SkH0(m(KX +B + qiH))⊗ S
jH0(m(KX +B + qi+1H))→
H0(mk(KX +B + qiH) +mj(KX +B + qi+1H))
is surjective and so R(m(KX+B+qiH), m(KX+B+qi+1H)) is finitely
generated. It follows easily that R(m(KX + B), m(KX + B + H)) is
finitely generated. By [CL13, 2.25] R(KX +B,KX +B+H) is finitely
generated. 
Remark 3.4. By the same arguments in the proof of Corollary 3.3,
one sees that if κ(KXk + Bk) = 2 and H1, . . . , Hl are ample divisors,
then
R(KX +B,KX +B +H1, . . . , KX +B +Hl) :=
⊕
(m0,...,ml)∈Nl+1
H0(m0(KX+B)+m1(KX+B+H1)+. . .+ml(KX+B+Hl))
is finitely generated.
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Corollary 3.5. Let (X,B) be a klt pair which is log smooth, projective
of dimension 2 over a DVR R with perfect residue field k of character-
istic p > 0 and perfect fraction field K. If KX +B is Q-Cartier and H
is a sufficiently ample divisor on X such that H is general in N1(X/R),
then (after possibly extending R) we may run the KX + B mmp over
R with scaling of H which terminates with a KX + B + τH minimal
model X 99K X¯ over R where τ = inf{t ≥ 0|κ(KXk +Bk + tHk) ≥ 0}.
Proof. Suppose that X 99K X1 99K . . . 99K Xi is a sequence of steps
in the KX + B mmp over R with scaling of H , in particular Xi is
Q-factorial and there exists a rational number λi ∈ Q≥0 such that
KXi+Bi+λiHi is nef over R where Bi and Hi are the strict transforms
of B and H on Xi. Let λi+1 = inf{λ ≥ 0|KXi + Bi + λHi is nef}. If
λi+1 = 0 we are done, and therefore we may assume that 0 < λi+1 ≤ λi.
Suppose that KXk + Bk + λi+1Hk is big. Since bigness is an open
condition, KXk +Bk + λ
′Hk is also big for some rational number λ
′ <
λi+1. By Corollary 3.3, R(KX + B + λ
′H,KX + B + λiH) is finitely
generated and hence so is R(KXi +Bi+λ
′Hi, KXi +Bi+λiHi). It then
follows easily that λi+1 ∈ Q. Since R(KXi + Bi + λi+1Hi) is finitely
generated, there exists a morphism µi : Xi → Zi := Proj(R(KXi +Bi+
λi+1Hi)).
We claim that ρ(Xi/Zi) = 1. To see this, pick ample Q-divisors
H1, . . . , H l on X such that ||H − H i|| ≪ 1 in N1(X) and H1, . . . , H l
span N1(X). Let C be the cone spanned by KX +B + λ
′H,KX +B +
H1, . . . , KX +B +H
l, then by Remark 3.4, the adjoint ring
R(KX +B + λ
′H,KX +B +H
1, . . . , KX +B +H
l),
is finitely generated. Let C = ∪sj=1Cj be the finite decomposition of
C in to rational cones given by [CL13, 3.5]. Let KX + B + H be an
element in the interior of one of the maximal dimensional cones Cj , then
following [HM13, 3.3] there is an induced birational map g : X 99K Y =
ProjR(KX+B+H) to a log terminal model of KX+B+H. Since H is
general in N1(X), it follows that λi+1 is determined by the intersection
of the segment [KX +B + λ
′H,KX +B +H ] with a codimension one
face of the decomposition C = ∪sj=1Cj . We may assume that this face is
shared by maximal dimensional cones Ci and Ci+1 whereKX+B+λi+1H
corresponds to a general element of Ci ∩ Ci+1 and if KX +B +H ∈ C
◦
i ,
then Xi ∼= ProjR(KX + B + H). Following [HM13, 3.3(4)], there is
a morphism µi : Xi → Zi := Proj(R(KXi + Bi + λi+1Hi)) of relative
Picard number 1.
If Ex(µi) is a divisor, then Zi is Q-factorial, we let Xi+1 = Zi and
Xi → Xi+1 is the required divisorial contraction. If Ex(µi) is not a
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divisor, then Xi → Zi is a flipping contraction and we let Xi+1 =
Proj(R(KXi + Bi + (λi+1 − δ)Hi)) for any 0 < δ ≪ 1. Note that by
the finite generation of R(KX +B+ λ
′H,KX +B+H), it follows that
Xi+1 does not depend on δ. After replacing Xi by Xi+1, we may repeat
the above procedure.
Suppose now that KXk+Bk+λi+1Hk is not big and KXk+Bk+λiHk
is big. Note that by what we have observed above X 99K Xi is a
minimal model for (X,B+λH) for any λi+1 < λ < λi and so it is a Q-
factorial weak log canonical model for (X,B+λi+1H). By construction,
X 99K Xi is KX+B+λi+1H negative and hence X 99K Xi is a minimal
model for (X,B + λi=1H). 
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